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We study photon-meson transition form factors 7*(Q'^)7 -K'^,ri,ri' at low and moderately high virtualities of one of 
the photons, the second photon being real. For the description of the form factor at low Q^, a nontrivial quark-antiquark (qq) 
structure of the photon in the soft region is assumed, i.e. the photon is treated much like an ordinary vector meson. At large 
Q^, along with a perturbative tail of the soft wave function, as it is for a hadron, the photon wave function contains also a 
standard QED point-like qq component. The latter provides the behavior of the transition form factor at large in 

accordance with perturbative QCD. Using the experimental results on jtv" form factor, we reconstruct the soft photon wave 
function which is found to have the structure similar to pion's, which has been formerly determined from a study of the elastic 
pion form factor. Assuming the universality of the ground-state pseudoscalar meson wave functions we calculate the transition 
form factors 777, 777' and partial widths 77 77, 77' 77, in a perfect agreement with data. 
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I. INTRODUCTION 

In the present paper we continue the study of the tran- 
sition regime from soft nonperturbative physics to the 
physics of hard processes described by the perturbative 
QCD (PQCD). In Ref. jl| we have proposed a method 
to consider a form factor in a broad range of momen- 
tum transfers starting from the nonperturbative region 
of small and moving to moderately large where 
form factor is represented as a series in Ug accounting for 
the nonperturbative term and 0{as) corrections. This 
allows a continuous transition from small to asymptoti- 
cally large momentum transfers. Within this procedure, 
we have determined the pion light-cone wave function 
by describing the pion elastic form factor in the range 
< Q2 < 10 GeV^. 

Recent experiments on pseudoscalar meson production 
in e+e~ collisions |^ provide new data on the transi- 
tion form factors 7* ((5^)7 — > 7r'^,77, 77' in the region of 
the momentum transfers < < 20 GeV^. These re- 
sults open a new possibility for studying the onset of the 
asymptotical PQCD regime. Reconstruction of the pseu- 
doscalar meson wave function and photon gg-distribution 
provides a bridge between the phenomenological soft- 
physics description and rigorous results of PQCD. 

Theoretical investigation of the photon-meson tran- 
sition processes which has a long history has given two 
important results on the photon-pion transition form fac- 
tor: 
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(1) Adler-Bell-Jackiw axial anomaly |^ yields nonva- 
nishing transition form factor of the pion into two real 
photons in the chiral limit of vanishing quark masses 
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, = 130 MeV , 
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where the photon-pion transition form factor is defined 
as follows {Ql 
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(2) In the kinematical region where at least one of the 
photon virtualities is large, PQCD gives the following 
prediction for the behavior of the transition form factor 
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where (p-nix) is the leading twist wave function (distri- 
bution amplitude) which describes the longitudinal mo- 
mentum distribution of valence quark-antiquark pair in 
the pion. PQCD also predicts asymptotic behavior of the 
pion distribution amplitude in the following form pi : 



<j)l'{x)^(iUx{l~x). 
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For Q2 ^ ^^^d large Q\ = which correspond to 
realistic kinematics of the experiments , Eq. (^ gives 

I /*^[,,OK,Q',l.o(±), 
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FIG. 1. Diagrams relevant to the description of the 



where F.^^{Q^) = F^,^,^{Q^ ,0). 

At asymptotically large one can use the asymptotic 
pion distribution amplitude to find the leading behavior 
of the transition form factor 

F,AQ') = ^ [1 + 0{as{Q')] + O (^) . (6) 

The leading term corresponds to the diagram of Fig. 0b 
with point-like vertices of the quark-photon interaction. 

A problem starting from which the form factor can 
be reliably described by the leading PQCD term only has 
been extensively discussed in connection with pion elastic 
form factor 0. As was firstly underhned in Ref. 

asymptotical regime is switched on at considerably 
large momentum transfers, whereas in the region of « 
10 — 20 GeV^ the soft nonperturbative wave function 
gives a substantial contribution. Quantitative results for 
the pion form factor agree with the statements of Ref. 

The procedure of Ref. is the following: we divide 
the pion light -cone wave function ^'^ into soft and hard 
components, and '5^, such as is large at s = 
(m^ + k\)/{x{\ — x)) < So, while prevails at s > sq- 
We performed this decomposition of the wave function 
using the step-function as a simplest ansatz 

= *J0(so -s) + ^ie{s - so). (7) 

It is reasonable to represent the hard component, as 
a series in as- Then at small and intermediate the 
elastic pion form factor reads 

= F^^ + 2F^" + 0{al), (8) 

where F^^ is a truly nonperturbative part of the form 
factor, and F^^ is an 0{as) term with one-giuon ex- 
change. The first term clearly dominates in the pion 
form factor at small . With minor corrections at small 
Q^, the second term, as is known, provides the leading 
cts{Q^)IQ^ behavior of the elastic form factor at asymp- 
totically large . So, the first two terms in the right- 
hand side of Eq. accumulate the leading behavior 
from the two regions of small and large Q^, thus allow- 
ing a realistic description in the region of intermediate 
momentum transfers. 
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transition form factor at low and moderately high . 

Hard wave function, ^P^, is represented as a convolu- 
tion of the one-gluon exchange kernel V^' with ^> s 

-^H = ® *s- (9) 

So, soft pion wave function is responsible for pion 
form factor behavior both at small and moderately large 

This strategy, with the incorporation of "photon wave 
function" , is applicable for the description of the photon- 
pion transition form factor: 

= *^0(so - s) *],0(s - so). (10) 

However, an important distinction of the photon hard 
wave function compared with that of a hadron should be 
taken into account: namely, in addition to the hadronic 
component of the hard wave function which is related 
to the soft wave function via Eq. (|^), the photon hard 
wave function contains also a standard point-like QED 
qq-component such as 

^ + (11) 

Corresponding expression for the form factor takes the 
form (Fig. 

^ i?SS ^ pSpt _,_ pSH(l) ^ pSH(2) ^ 

Our analysis shows that at small momentum transfers 
the F^^ part dominates in the transition form factor, i.e. 
in the soft region photon should be treated much like an 
ordinary hadron, just in the spirit of the vector meson 
dominance. At large , the soft-point term (F'^p*), 
gives the leading falloff, whereas the contribution 

of the 0{as) terms (F-^^f^) -f F^"'-^^) is suppressed by 
the additional factor as : the behavior of the photon-pion 
transition form factor differs from that of the elastic pion 
form factor where the soft-point term is absent and the 
soft-hard terms are dominant. 

At intermediate momentum transfers, Eq. (^2|) pro- 
vides substantial corrections to the falloff: namely. 
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these corrections are due to the transverse motion of 
quarks in the soft-point term as well as to contribu- 
tions related to the nontrivial gg-structure of the soft 
photon (the terms involving ^J). The allowance for the 
corrections of the first type is a standard procedure in 
moving from asymptotically large to intermediate mo- 
mentum transfers within the hard scattering approach 
1^ and modified hard scattering approach which are 
based on the account for transverse motion and Sudakov 
effects [0. However, as the present analysis shows, in 
the region of a few GeV^ the contribution of the terms 
originated from the nontrivial qg-structure of the soft 
photon is substantial and cannot be neglected. 

The proposed method allows a self-consistent descrip- 
tion of the photon-pion transition form factor in a broad 
range of . We use the soft pion wave function which 
has been previously determined in Ref. [Q by fitting elas- 
tic pion form factor. The description of the photon-pion 
transition form factor reveals a similarity of the low-s 
gg-structure of soft photon with that of a pion. 

Summing up, we obtain the following results: 

1. We fit the available data on the photon-pion tran- 
sition form factor at =0 — 8 GeV^ and determine the 
soft qq wave function of the photon. Pion wave function 
is taken from our description of elastic pion form fac- 
tor 0. Soft photon wave function turns out to be close 
to the ground-state meson wave function at low s, i.e. 
'if^(s) ^ ^f5(s) at s < 2 Gey 2. The similarity of 
and ^'g at s < 2 GeV^ seems to be quite natural and 
corresponds to the vector meson dominance in the ver- 
tex 7 qq. At s = So the photon wave function satisfies 
the boundary condition ^'^(so) = ^ptC^o), which pro- 
vides a correct sewing of the F^^ and F^p* terms. Soft 
wave functions determined, we calculate the photon-pion 
transition form factor in a broad range of Q^. Calcula- 
tions show that several kinematical regions, where differ- 
ent contributions to the transition form factor dominate, 
may be isolated: 

(i) At small = — 5 GeV^ the transition form factor 
is dominated by the soft-soft term which corresponds to 
nontrivial hadron-like structure of the soft photon. 

(u) At large > 50 CeV^ the QED point-fike com- 
ponent of the photon gives the main contribution repro- 
ducing the PQCD result. 

(iii) In the intermediate region the transition form fac- 
tor is an interplay of the soft-soft, soft-point and soft- 
hard contributions. Numerically, the form factor behav- 
ior is very close to the interpolation formula proposed by 
Brodsky and Lepage [Q: 



Q2 + 4^2 J2 ■ 
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2. We calculate 777 and 777' transition form fac- 
tors, assuming universality of the fc-dependence of wave 
functions of all the ground-state pseudoscalar mesons 
where k is relative momentum of constituent quarks. 



s = Am? -t- Ak"^ . This assumption is in line with the con- 
ventional quark model. In accordance with vector meson 
dominance, the same ansatz is used for relating the non- 
strange and strange components of the soft photon. Then 
777 and 777' form factors are calculated with no free pa- 
rameters. The results for the 777 and 777' transition form 
factors are in an excellent agreement with the experimen- 
tal data both on the shape of the form factors and on the 
decay partial widths, r(77 77) and r(77' 77). It 
provides an argument for small admixture of a glueball 
(two gluon) component into 77 and 77': within the experi- 
mental accuracy we estimate corresponding probabilities 
as W,j{glueball) < 10% and W,^' {glueball) < 20%. 

The paper is organized as follows: 
In Section || the calculation of the jn^ transition form 
factor is performed and the soft transition vertex j ^ qq 
is reconstructed. Section [II is devoted to the calcula- 
tion of 777 and 77;' transition form factors. Conclusive 



remarks are given in Section IV. Appendix presents the 
calculation details. 



II. 77r° TRANSITION FORM FACTOR 

We consider the 771*^ transition form factor using the 
method presented in detail in Ref. 0] . So we omit here a 
discussion of the basic points of the technique, outlining 
only a skeleton of the calculation procedure. 

The form factor Fry,^ is connected with the amplitude 
of the process 7*7 7r° as follows: 



(14) 



where P is the pion momentum. Then partial width of 
the decay 7r° — > 77 reads 

TiTT^ ^^j)^ja^mlF^^{0), a = 1/137. (15) 



A. Soft-soft term F°^{Q'^) 

F^^{Q'^) corresponds to the diagram of Fig. |I|a. The 
vertices of the soft transitions tt — > gg and qq ^ ^ are 
defined as 



G.(s) 



(16) 



for pion — + quark + antiquark (Nc is the number of col- 
ors) and 



eqq^uqG~f{s') 



(17) 



for gg photon (cg is the quark charge). 

The contribution of the diagram Fig. ^a can be written 
as the following double dispersion representation: 
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Ff/(Q2) = z.2/,(g2)yiV^ J 



dsG^{s)0{so — s) 



n{s - ml) 



(18) 



where 



s — mi. 



(26) 



Here fq{Q^) is quark form factor, is a charge factor: 
= {el - el)|^/2, with e„ = 2/3 and = -1/3. 
The quantity l^.,^^-^{s, s' .Q"^) is the double spectral 
density of Feynman diagram of Fig. |l|a with point-like 
vertices and the off-shell pion and photon momenta: 

d'^k2 ^p{^l5{m-k2)^i,{m + k[)^^{m + ki 

J(2^ (m2-/fc2)(^2_fc2)(^2_;,/2) 
S = (fcl + k^f , s' = {k[ + k2f . 

m is the non-strange quark mass. 
The trace reads: 

Sp (ijsim - k2)lu{rn + k'i) 7^ (m + fci) 



(19) 



(20) 



Then one finds 



-<5(m2 - fc2)5(m2 - kl)6{m^ - kf) 



i(27r)4 

s = {ki + k2f , s' = {k[ + A:2)' 
where 



^7r7*7(5; 5 , ) — 



m2A(s,s',Q2)) 



Al/2(s,s',Q2) 



and 



A(s, s', Q2) ^ (5' _ 5)2 + 2Q2(s' + 5) + Q\ 



(21) 



(22) 



(23) 



Eqs. (H), (22) and (||) present F^^{Q^) in terms of 



invariant variables s and s'. In the soft-soft term these 
variables are constrained within the intervals Am'^ < s < 
So and Am^ < s' < sq. 

Introducing the light-cone variables, x — k2+/P+, 
k± = k2± and q = {0,q^,Q) (see Eq. ([A^)), one finds 



dxd^k± 
At: J x(l — xY 



x(\ — x) 



S s 



, 777? + {k±_ - xQf 



x{l — x) 



(24) 



Using these variables one comes to the following expres- 
sion for the soft-soft form factor 



F£f(g2)^2Z,/,(Q^)VA^e 



dxd'^k± 
4tt^ J x{l - x)2 



X ^^{.s)0{.so - s)^4^0(so - s'), (25) 



and 



fc^ , + (kj_ - xQY 

s = —7- =r, s — 



x{l — x) 



x(l — x) 



(27) 



The value F^^f (0) is connected with the known 7r° 
77 decay width through Eq. (|l5|). On the other hand, 
one finds 



' 271 J TT S 1 - ^/l 

4m2 



y^l - Am'^/s 
(28) 

We use this equation as a normalization condition for 
G^{s). ^ 

-F!^^ involves the constituent quark form factor which 
satisfies the condition fq{0) = 1 and turns into Sudakov's 
form factor at large Q^. The Sudakov form factor is taken 
in the form 



5(Q2) =exp[^ 



27r 



(29) 



where Qo is of the order of 1 GeV; we put Qq = 1 GeV. 
Coupling constant as(Q^) is assumed to be frozen below 
1 GeV"^, namely we set 



const , Q < 1 GeV , 
> 1 GeV , 



(30) 



where A = 220 MeV. 

So, the constituent quark form factor is taken as 



1 , Q <Qo , 
5(Q2) , Q > Qo . 



(31) 



Let us stress that we have used here the same quark 
form factor as in Ref. [0. 



B. Soft-point term F^f{Q^) 

Contribution from the diagram of Fig. |^ with s' > so 
is denoted as F^p*-{Q'^) and equals to: 



ds ds' , , QU'sQ'^ - m^Xis, s' , Q^)) 
X / 7*^(s)- 



TT ITS 



Ai/2( 



,^',Q2) 



S, S' 



Arn? < s < So, s' > sq. 



(32) 
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In the used normalization of the vertex, the point-hke 
interaction is defined as eqq^^q, so the sewing of the soft- 
soft and soft-point terms requires 



G^(so) = 1 



(33) 



Notice that F^p\0) = which is the consequence of the 
constraints s < sq and s' > sq. 

In terms of hght-cone variables the expression for the 
F^fiQ^) reads 



dx(P k I 



1 



x{\ — x)^ ■ ' s' 



x{\ — x) j \ x{\ — x) 
with s and s' given by Eq. (p7[). 



■so , (34) 



C. Soft-hard term F: 



Soft-hard form factor F^-^^"^\q'^) is connected with 
the amplitude of the diagram of Fig. ^ which can be 
written as the following dispersion representation 

G^(s') 1 



J TT TT TT S 

X Z?«(s,s',s",g2)^(so - s)0(so - s')e{s" - so). (35) 

In this expression d'^J (s, s', s", Q^) is the spectral den- 
sity of the diagram of Fig. Ic: 

Z?«(.,.',.",Q2)=C^(27rz)^^"'^' 



8 J i(27r)4 i(27r)4 
^^^^5pW^(m2 - kl)S{m^ - kl)5{m^ - kf) 



•K6{m' - k'i)5{m^ ^ k'C) , 
s = (fci + fc2)', s'- (fci + k'^f, s" = (fci' + k2f. (36) 

Here t = {k2 — k2Y and mc is an effective gluon mass; 
we consider several choices for iuq. 
Sp^jl} denotes the following trace: 

Sp^,^} = Sp (i-fbim - k2)la{m ~ k'2)^y{m + k[)^a 



x(m + fci')7p("t + fci) . (37) 



For a detailed calculation of the quantity Sp)}^ we refer 
to Appendix. Isolating the factor £ ^^j,a(i<f one finds 

Sp^-} - e^.^^m'^P^ ■ S{1) 

5(1) = 4m [s' - I2b' + 46" + (s" - s + Q^){a[ - 4)] . 

(38) 



Analytic expressions for a[ , a!^ , ^'j.^ are given in Ap- 
pendix (see Eqs. (^), (^) and (|aT^)). 
Thus, one finds 

41,) (s, s', s", ^ e^^^^g^p/^ . A(i) (s, s', s", Q2), 



where 



d^fca d'^k'2 A-KUsit) 

•KS{l)5{m^ ~ kl)6{m^ - kl)5{m^ - /cf ) 
x5{m^ - k'i)5{7r? ~ kf) . (39) 



Finally, the dispersion representation for the soft-hard 

77r 



form factor Fy-^^^^Q'^) reads 



F^f«(Q^) = 2Z.VA^/^f^vI;,(.)^l 

' J n TT TT S' S" 

X A«(s,s',s",Q2)0(so_5)0(so_5')0(s"„so). (40) 
Introducing light -cone variables x = k2+ / P+ , k±_ = 



k2±, x' = k'^^/P+, k'^ ^ fc^j^ (see also Eqs. (|A§), (|A7D), 
one has: 

/ // _ Cf f dxd^k± dx'd^k'^ 
^s, s , s , J - 256;r3 7 a;(l - x)2 a:'(l - 



4^3 (i) 



(l-x)2 a:'(l-a;') 
to2 + k'f 



x'{l - x') 



y. 5 \ s 



„ + (fc± - xQf 

x{\ — x) 



(41) 



Substituting Eq. (^ into Eq. ( pO[ ) yields the expres- 
sion of F^^^^\q'^) in terms of the light -cone variables: 



2Z^CfV^ [ dxd^ki_ dx'd^k'j^ 



(167r3)2 7 x{l~x)^ x'{l-x') 



X *^(s) 



G^(s') 1 ATTa,{t) 
s' s" — t 



S(\) 



where 



X Q{so - s)eiso - s')eis" - so), 



m^ + kl , _ m2 + {k'^ - x'Qf 

x{l — s) ' x' {\ — x') 

„ _ + {k± - xQY 
x(l — x) ' 



(42) 



t = - 



m^{x' - xy + {xk'j_ - x'k^y 



(43) 



(44) 



The light-cone expr ess ions for a[,a'2,b' ,b" are rather 
simple (see Eqs. (A8), (A12)), and the function S'(l) 
takes the form 



5 



S{1) = 4m 
+4 



(5" - S + Q2) 



2^(fcW) 



(45) 



D. Soft-hard term F^"^^\q'^) 



Calculation of the soft-hard form factor Fj"^^' {Q'^) 
looks very much like the calculation of F^^''-^\q^): 

Fj^^'^\q'^) is connected with the amplitude of the di- 
agram Fig. ^d which can be written as the following dis- 
persion representation 



2ry n:r I dsds'ds" ^ , M^is') 1 



2 e'Z^^N, 



X D^^Xs, s\ s", Q^iso ~ s)0(so - s')Q{s" - sq). (46) 

Here D^^^{s, s', s" , Q^) is the spectral density of the dia- 
gram of Fig. 1^ which reads 



8 J i(27r)4 i(27r)4 



s=ik, + k2)\ s'^ {k[ + k'^)\ s" - ik'l + k'^f. (47) 
Spiii, denotes the trace 

x(m-|-fc'/)7a(™ + fci)) . (48) 

A detailed calculation of the quantity Sp^^}} is pre- 
sented in Appendix. Isolating the factor s^^j^apq^P^ one 
finds 



^pq'^pP ■ S{2) 



S(2) = 8m [s -(a'l - a!j)(fc;'P) - a'^ik'^k'^) - 2b" 

-m2(H-4)]. (49) 

The expressions for a[, a2,b' ,b" are given in Appendix 
(Eqs. (^), and <$^). 
So, 



i?(i'(.,.',.",Q2) 



d'^k2 d^k'2 Anasit) 



A(^)(.,.',.",Q^)=-4.^C^/A^A^ 

J «(27r)* ?(27r 



xS{2)S{m^ - kl)S{m^ - kl)S{m^ - /cf ) 
xSim^ ~ kf)S{m^ - kf) . (50) 



Finally, the soft-hard form factor F^-^''^\q'^) reads 



2 Z^xfWr 



dsds'ds" . , .G.y{s') 1 



-*x(s)- 

TT TT TT S' S" — m^ 

X A(2)(s,s',s",Q2)0(5^_5)0(^^_^/)0(5"_^^), (51) 
Using light-cone variables one gets 

Cf f dxd'^k± dx'd'^k'. 



SH(2), 2. A^'\s,s',s",Q')^ 



m'i, — t 



S{2)5 s 



2567r3 J x{l - x) x' {I - x'Y 

+ k'^\ \ , ( I m'^ + k'? 
' \ s 



x{l — x) 



x'{l-x') 



X 6 s" 



+ {k'^ + x'Qy 

x'{l -x') 



(52) 



Substituting Eq. ( p2| ) into Eq. ( |5l| ) leads to the expres- 
sion for F^^^'^\q'^) in terms of the light-cone variables: 

pSH(2)^Q2-^ _ 2Zt,CfVN'c f dxd'^k± dx'd^k'^ 



(167r3)2 J x{l - x) x' {I - x'Y 
1 47ra,(i) 



X *.(s)^ 



s" — m^ ttIq — t 



S{2) 



X e{sa- s)e{so- s')e{s" ~ so), 



(53) 



where 



m^ + fc^ , 711^ + (fc^ - x'Q)^ 



x(l — a;) 



x'{l-x') 



m^ + k'l 
x'il-x'Y 

(54) 



Using th e ligh t-cone expressions for a'^, 03,6', 6" (see 
Eqs. ([A^), ( |A12| )), one gets the following result for S{2): 



5(2) = 8m 



[k'iP) 



x'+^-}^S^\{k[k'2) 



-2[(^-fc- -m^ l + 



(55) 



E. Calculation results 

Calculations of form factors at low and intermediate 
include masses which are related to the soft physics: 
constituent quark mass and effective gluon mass. We use 
standard constituent quark mass m — 0.35 GeV while 
for effective gluon mass, m^, we consider, just as in Ref. 

, the following two variants (masses are given in GeV) : 

(i) mc = , 

(«) m,^-|0.7(l-H^) , |^|<0.5Gey^ 
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For as(t) we use two parametrization: 

[ const , |t| < 1 GeV'^ , 

(iz) as{t) = Us [ — 



(57) 



The first variant corresponds to a frozen agit) at low t: it 
is the same variant as in Eq. In the second variant 

we take as{t) in the middle point, \t\ — > So, Eqs. 

( p6| ) and ( |57| ) provide four possible variants for the soft- 
hard form factors. Corresponding results for soft -hard 
term are shown in Fig. ^. The main conclusion coming 
from the study of these variants is that a concrete choice 
of TOG and as in the soft region does not much influence 
the result. 
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FIG. 2. Relative contributions ol different terms to the 
form factor: the ratios of different terms contributing to the 
whole form factor are shown. Four variants for the SiJ-term 
correspond to: (1) ma — 0, Qs(t) - the upper solid curve; (2) 

771(3 ~ 0, tJs ~ tlis lower solid curve; (3) mc ~ mcit), 

a ait) - the upper dotted curve; (4) ma = moit), as ~ 
the lower dotted curve. 

Much more important is a choice of the soft photon 
wave function. There are two constraints on the soft 
photon wave function: the normalization condition ( |2^ ) 
which guarantees the correct decay widht tt'' —> 77, and 
the sewing condition of Eq. (^3|). In addition, we im- 
pose the third constraint in the spirit of vector domi- 
nance model and 5'?7(6)-symmetry: the slope of G-y{s) 
in the region 4to^ < s < 1.5 GeV^ is the same as that 



of 7r(s). Using these constraints we reconstruct the pho- 
ton qq-distribution function G-y{s) which is shown in Fig. 
^, together with Gt^{s) for the comparison. The recon- 
structed distribution function has a dip in the region 
s ~ 2 - 4 GeV^ similar to that of Gr,{s). In Ref. § the 
qq-distribution in the pion is referred as quasizone one. 
The reconstructed G-y{s) behaviour provides an argu- 
ment that the quasizone structure in the gg-distributions 
is of a common nature. The quantity ja^m^F^iQ'^) 
with the reconstructed Gj{s) is presented in Fig. 



14 
12 
10 



6 - 



2 - 




s, GeV' 




s, GeV' 



FIG. 3. 5g-distribution function for pion (a) and for pho- 
ton (b). 

To check the form factor sensitivity to the qq- 



7 



distribution function we have calculated -F^ttCQ^) with 
alternative choices of G.y{s): 



(1) GW(.) = 

(2) (.) 



0.98G^(s) 
1 



s < 1.5 GeV^ 
s > 1.5 GeV^ 



1 



(58) 



The results are shown in Fig. |5[ The variant (1) cor- 
responds to the low~s gq-distribution similar to G-jris) 
but without a dip at s 3 GeV^ (the factor 0.98 is 
due to renormalization of the gg-distribution to have 
r^-y = 2.23 eV). The absence of a dip in the photon qq- 
distribution results in raising the calculated curve at large 
Q^. The variant (2), which corresponds to the point-like 
vertex qq — s- photon at low s, represents neither F-y^ nor 
low-Q^ form factor correctly. 



III. -yri AND 77;' TRANSITION FORM FACTORS 

In our calculations of the 777 and 777' transition form 
factors we assume, in the spirit of the quark model, the 
universality of soft wave functions of the 0~ -nonet. This 
universality is usually formulated in the r-representation, 
or in terms of the relative quark momenta. So, let us 
rewrite the pion wave function 5'7r(s) (see Eq. (p6|)) as a 
function of k which is connected with the energy squared 
by k"^ = [s - 4to2)/4. 

For the momentum representation of the pion wave 
function we use the following form 



^r,(s) = V.(fc2) 



B + kl 



(59) 



where according to Ref. |] fcg = 0.1176 GeV^. 

The pseudoscalar mesons rj and r/ are mixtures of the 
non-strange and strange quarks, nn = {uu -f dd) / \/2 and 
ss: rj = nn GosO — ss Sin9, rj' = nn SinO ~\- ss Cos9. 
Respectively, the wave functions of the 77 and 77' mesons 
are described by the two components 



= Cos9 Mk^) - Sine ^Js-sik") 

= Sine 7/;„^(P) + Cose ^,,-(P) 



(60) 



The universality of the pseudoscalar meson wave func- 
tion means that the function 



■0nn(fc^) 



normalized as follows 



(61) 



(so-4m^)/4 



dk^ k\/ k^ + m^tplf^ik') = 1 



is just the same function as for the 7r-meson. 



(62) 



r,^=7.23 eV 




-2 







• CELLO 
■ CLEO 



_l I I I I I I I I I I I I I I I I I I I I I I I I I I I I I l_ 



12 3 4 



Q\ (GeV/c)' 



FIG. 4. 77r° transition form factor; the quantity 
ja'^m^F^^{Q'^) is shown. Different curves correspond to dif- 
ferent sets of parameters in the SH-teim; the curve notation 
is the same as in Fig. 2. Experimental data are taken from 
Ref. [2]. 



r,^=7.23 eV 
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01 2345678 



Q\ (GeV/c)^ 



FIG. 5. The quantity \o? ra%F'^^{Q'^) for the variant (1) of 
Eq. (57) - dotted line, and for the variant (2) - dashed line. 
The solig line is the same as in Fig. 4. 
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For the ss-component we should take into account 
strange/non-strange quark mass difference, hence 



(63) 



where — 



mz — m , m. 



= 0.5 GeV and P 



(s — 4m^)/4. Numerical factor N corresponds to a renor- 
malization of ipssik"^) after introducing A^. The factor 
N for the strange component of the wave function is de- 
termined by the normalization condition 



(so-4m^)/4 



dp k\J k'^ + ml^l-,{P) = 1 . (64) 



Similarly, for the momentum representation of the soft 
photon wave function we use the expressions 



and 



ipj^ssik"^) 



f^2 + ^2 _|_ ^2 



(65) 



(66) 



Thus, the nn and ss components of the meson and soft 
photon wave function being fixed, one can proceed with 
calculations of the transition 777 and 777' form factors, 
which are determined as 



F^^iQ^) = Cose F„fi(g2) - Sine FMQ^ 
F^n'iQ'') = Sine FnniQ^) + Cose F^siQ^ 



(67) 



In the next two subsections we present formulae for 
F„^(Q2) and F,,{Q^). 



A. The nn contributions to the form factor 

These contributions can be obtained from the corre- 
sponding terms in F^T^(Cp) by replacing the charge factor 
and wave functions. The final results are listed below. 

Soft-soft term F^i{Q^): 



dxd k 



X ^nn{k'^)0{so - s) 



9,{k") 



[So - s 



(68) 



Z„« = ^^, P^t-m\ k'^^'-^m\ (69) 



F4^(0)=Z„ 



TT 



1 - ^1 -4m2/s 



(70) 



s and s' are given by Eq. ( p7| ) 
Soft-point term F^i\Q^): 



dxd^ k±^ 
47r5 J x{l - xY 



X il}nu{k^)-0{sa ~ s)e{s' - So). 



(71) 



Soft-hard term F, 



SH{1] 



2ZnnCF\fN'c f dxd'^k± dx'd'^k'^ 



X ^nn{k ) 



(167r3)2 J x{l - xf x' {I - x') 
5^(fc'2) 1 AnaS) 



s" nin — t 



sa) 



X e{s„~s)e{so-s')e{s" -so), 



(72) 



s, s' and s" are given by Eq. ( |43| 
Soft-hard term F^"^^\q^): 



F, 



SH(2] 



2Z„sCf//Vc f dxd'^k± dx'd^k'. 



(167r3)2 

X V'nft(fc^) 



x{l - x) x'{l - x' f 

S{2) 



■2\9i{k''^) 1 47ras(i) 



s' s" 

xe{so~s)e{so-s')e{s" -so), (73) 

s, s' and s" are given by Eq. (bih. 



B. The ss contributions to the form factor 

These expressions are obtained from the corresponding 
terms in F^j^iQ'^) by replacing the charge factor, wave 
functions and quark masses. The results have the follow- 
ing form. 

Soft-soft term Ff/{Q^): 



F,fiQ^) = 2ZMQ^)^.^J^^ 



dxd^kj 



(l-a;)2 

X ^ssik')eiso - s)^-^^e{so - s') 



fc'2 = 



_ml + k']_ , _ ml + (k± - xQY 



x(\ — x) 



x{\ — x) 



(74) 

(75) 
(76) 



^^,^^(0) = z,---^ 



2tt 



ds 

IT 



4m^ 



s 1 - ^1 - 4m2/s 



(77) 



Soft-point term Fff{Q^): 
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dx(Pk I 



c' 



(78) 



Soft-hard term F^"'-^\q^): 



SHil] 



(167r3)2 



x{l-xY x'{l-x') 



TO' 



s' s" rriQ — t 
X e{so - s)e{so - s')B{s" - so), 



(79) 



x(l — a;) ' x'{l — x') 

,1 _ ml + (fc_i - xQY 
x{\ — x) ' 



t = 



TO^(2:' - x)^ + (xk'^ - x'A:^)^ 



Soft-hard term F^"'-^\q^): 



p5g(2).^2x _ 2ZssCfVK f dxd^k^ dx'd^k'^ 

' (167r3)2 J x{l-x)x'{l-x') 



X '(/'ss(fc 



■2,g y{k'^) 1 4^a.s(t) 
s' s" — — t 



X 0(so-s)0(so-s')^(s"-so), 



5(2) 
(82) 



_ ml + fcj , _ ml + (fc;^ - x'Q)'^ „ 



x{l — x) 



x'{l - x') 



x'{i-x'y 

(83) 



C. Calculation results for the 777 and 77;' transition 
form factors 

Calculation of the 777 and 777' transition form factors 
does not require any additional parameter, for all un- 
known quantities are fixed by the 777 case. We use only 
the universality of wave functions of the ground-state 
pseudoscalar meson nonet; we put also SinO = 0.61 
The results show an excellent agreement with data both 
in shapes of the dependence of form factors (see Fig. 
^ and in absolute values of F^^i^fi) and F^^/(0): exper- 
imental data for the partial decay widths are Tn^-y^ = 
0.514 ± 0.052 KeV |ll| and r^'->^^ = 4.57 ± 0.69 KeV 
pl| while our calculation gives r^_,^^ — 0.512 KeV and 
Tyf^^^ = 4.81 KeV . The universal wave functions are 
presented in Table |. 



r^^=0.512 KeV 




(80) 1 



(81) 
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Q\ (GeV/c)^ 



FIG. 6. Q^-dependence for the quantities ^o?rn'^F'^^{Q'^) 
and tQ^'tiI? F^ ,(Q^). Different curves correspond to different 
sots of the parameters in the SH-teim (the curve notation is 
the same as in Fig. 2). Experimental data are taken from 
Ref. [2]. 

Within the hypothesis about universality of pseudus- 
calar meson wave functions, we may estimate the value 
of gluonic (or glueball) components in rj and 77'. With 
rj = Ciqq + 6*25(7 and rj' = C'lqq + G^gg, we obtain the 
following constraints for probabilities of the gluonic com- 
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ponents in rj and rj': C| < 0.1 and C2 < 0.2. 



V. ACKNOWLEDGEMENTS 



IV. CONCLUSION 

We have analyzed the jtt'^, 777, and 777' transition form 
factors at low and moderately high in the framework 
of the method developed in Ref. ||l[ which allowes us 
to cover the range of momenta from the soft to PQCD 
physics. Calculation results back up the efficiency of the 
proposed method. 

This consideration support the results of Ref. where 
the pion wave function has been reconstructed. Here we 
have reconstructed the soft gg-distribution of the photon: 
it has been found to be similar to the quark distribution 
in the pion, that is quite natural in the framework of the 
vector dominance model for soft qq. 

The calculated 777 and 777' transition form factors are 
in a perfect agreement with the experimental data, once 
we assume the universality of the soft wave functions of 
the ground-state pseudoscalar mesons, the members of 
the lightest nonet. This assumptions looks very natural 
and inherent to the conventional quark model. 

The transition photon-meson form factors at low 
were calculated in Refs. [|l^, |l^] using the diagram of 
Fig. I^b with point-like quark-photon vertex. Such a 
treatment of low-Q^ photon-meson form factor has been 
criticized in Ref. |^^. Our consideration also does not 
support this picture: whereas the hard photon can be 
treated as a standard QED point-like particle, the soft 
photon structure is nontrivial and is very much like the 
structure of other ground state mesons. This hadron-like 
structure of the soft photon is crucial for the description 
of the photon-meson transition form factors at low . 

In the case when both of the photon virtualities are 
nonzero, our approach recovers at large the 1/Q^- 
behavior as PQCD does, and not I/Q1Q2 as might be 
expected from the naive application of the vector meson 
dominance. The vector meson dominance reveals itself 
more in the hadron-like structure of the soft photon, and 
not in a naive 1/Qf behavior of the form factors. 

The study of transition form factors in the region of a 
few GeV^ has been considered in some papers (see Ref. 
[ p5[ and references therein) as a possibility to discrim- 
inate between the pion distribution amplitudes of the 
Chernyak-Zhitnitsky type and the asymptotic one of Eq. 
(^: it was assumed that the form factor in this region 
can be described by the leading PQCD term which is 
considered within modified hard scattering picture. Our 
analysis shows that such an approach is not well-justified 
in the region of a few GeV^: the contributiuon of the soft 
region is far from being small. The detailed quantitative 
analysises performed in Ref. ||l| and in this paper as well 
as recent QCD sum rule results [|l^ show that the distri- 
bution amplitude is numerically very close to the asymp- 
totic form of Eq. (Q) and disregard the double-humped 
distribution amplitudes of the Chernyak-Zhitnitsky type. 
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APPENDIX: TRACE CALCULATIONS IN THE 
SOFT-HARD CONTRIBUTION 

Soft-hard contribution is described by the two-loop di- 
agram, and the dispersion relation technique prescribes 
that the total momenta squared of the qq pair should be 
taken different for each loop, and then the dispersion in- 
tegration over these values should be performed. So, we 
must first make the Fierz rearrangements to obtain trace 
calculations related to different loops. Namely, we group 
the expressions as follows: 

Sp {i^^{m - k2)la{m - k'^hi'i'^ + Kha 

X (77^ + k'l)-ff,{m + fci)) = Sp^}} = 
CiSp (^{m + fc")7^(77i + ^1)775(771 - k2)0, 

i=S,V,T,A,P 



xSp(0^im-k'2)-f^{m + k[)) , 



(Al) 



Sp (ij5{m ~ hhaim - k'2)-iu{m + k[)-ff^ 

X (777 + fci')7a(™ + fcl)) = Sp^i^} = 

CiSp (^{m + ki)ij5{m - k2)Oi^ 

i=S.y,T,A,P 

xSp {o,im - k'2hAm + k'Mm + fc^')) , (A2) 

with Cs = l,Cy = -5,Ct ^ 0,Ca ^ hX-'p = -1- 
Each term (i = S, V, T, A, P) in Eq. (^, |A2|) is repre- 
sented as a product of two factors, related to two different 
loops (see Fig. 0). In Eq. (Al) the S~, V~, terms are 
nonzero while in Eq. ( [A^ ) the P—, A— terms. 

In calculations of the diagarams of Fig. 0a,b we use the 
following relations, 

(Fig. 7a) : P = ki + k2, P' = k[ + fc^, 

P" = k'l + k2, P" = P + q, (A3) 



(Fig. 7b) : P = ki + k2, P' = k[+k!2, 
P" = k'l + k'2, P'^P" + q. 

To treat the expressions 

h h' h h' h' h' 

we have to represent fc„, k' in the form 



(A4) 
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q = P' -P. 
(Fig. 7a) : 5 = P" - P' , 
(Fig. 7b) : 6 = P" - P, 



ai 



{PS) 
jk'S) 
(PS) 



0.2 



{kS){Pq) (kq) 



{PS)Q^ 
{k'5){Pq) 
{PS)Q^ 



Q2 ' 
(k'q) 



(A5) 



After isolating invariant amplitudes for which we write 
down the dispersion relations over s, s' and s", the four- 
vectors should be put on mass shell in the Lorentz tensor 
structures usiiig the conditions P' = P + q (Fig. 0a) or 
P" = P (Fig. |b). 




FIG. 7. Momentum notations in soft-hard terms F^^^^'' 
(a) and F^"^^^ (b). 

To relate different scalar produc ts, which appear dur- 
ing calculations of traces of Eq. (Al, A2), with light- 
cone variables we use the following four-vectors which 
are common for both diagrams of Fig. ^ and |^: 



XP: 



2xP+ 



,k'^L'p,,^^^rk'. 



P' 



P+,^r^ — ,Qj ( 0, — — ,Q ) , 



' 2P+ / 

P={P+, 



2P+ 



(A6) 



and four-vectors which are different for diagrams of Fig. 
@a and 0b: 



(7a) : P" = P 



2P+ 



,S= 0, 



2P+ 



-,0 , 



(7b) : P" = P+ 



2P^ 



2P-^ 



,0 . (A7) 



With Eq. (H) (or Eq. (g)), the coefficients in Eq. (^) 
are equal to: 



ai — X, ai — X , 02 = 



( fc±g) 
g2 ' 



, , (fcW) 



(A8) 



Expansions of fc^fc^ and read as 



(A9) 



where ^1^ = P^, g^, or (5^ and ^ P^, q^, or (5^. For 
the calculation, we need coefficients h' and b" only. For 



that one has to multiply both sides of Eq. (A9) by E^^, 



which is orthogonal to each pair A^B^, and H^i^g^i, = 1: 

n^i^ = 9tJ.iy + aiP/jPy + a2qtj.qiy + asS^j^Siy 
+ Pl{P^.qu + P.g^) + P2{P^.5, + P,6^) 
+ Mq^S^ + qJ^), (AlO) 



ai 

as = 



(g<5)2 - g^J^ 
D 

{P5f - P^6^ 
D ' 

jPq)^ - P^q^ 
D ' 



Pi - 

P2 = 
^3 = 



5^{Pq) 


(PSKqS) 




D 


q\P5) 


- iPq)i<iS) 




D 


P\q5) 


- (Pq){PS) 


D 



D = P'q'5' + 2{Pq){P5){q5) 



-P''{q5f -q^{P6f ^5^{Pqf. (All) 



Then, 



h" - n y k' - ^^'±Q^^ 

— ^^fivl^^i^i, — Q2 



k' 



(A12) 



No w we ca n write down final expressions for traces of 
Eqs. ([Ai1,|A2|): 



5pW = Ame^^o.pq'^P^i + 46" - 126' 

+ {s"-s-q'){a[-a',)), (A13) 

5p« = 8me^^„^g"P'3( s - {a[ - a'2){k'lP) - 26" 

--a'2(fcifc^)-m2(l + 4)), (A14) 
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TABLE L Step-function approximation for soft wave func- 
tions {P is given for the middle point of each step of Fig. 3). 
All quantities are in GeV. 



k 






— *nn 


— ''Ss 


0.033 


87.737 


42.316 


14.488 


7.949 


0.096 


48.591 


27.154 


7.700 


4.864 


0.159 


28.170 


17.194 


5.006 


3.445 


0.221 


15.385 


9.972 


2.881 


2.102 


0.284 


9.005 


6.096 


2.438 


1.855 


0.346 


4.917 


3.440 


1.864 


1.465 


0.440 


2.216 


1.609 


1.369 


1.116 


0.565 


1.610 


1.210 


0.941 


0.794 


0.690 


1.480 


1.140 


0.608 


0.526 


0.815 


1.592 


1.249 


0.575 


0.506 


0.940 


1.905 


1.517 


0.602 


0.538 


1.065 


1.974 


1.589 


0.548 


0.495 


i.iyu 


ririry 

Z,ZZ 1 


i.OiU 


U.OOU 


U.OiU 


1.315 


2.477 


2.029 


0.531 


0.488 


1.440 


2.307 


1.902 


0.516 


0.477 


1.565 


2.489 


2.063 


0.479 


0.445 


1.690 


2.029 


1.690 


0.473 


0.442 


1.815 


1.687 


1.412 


0.444 


0.417 


1.940 


1.525 


1.281 


0.446 


0.420 


2.065 


1.163 


0.981 


0.453 


0.428 
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